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We study, both analytically and numerically, the interaction effects on the skewness of the size
distribution of elements in a growth model. We incorporate two types of global interaction into the
growth model, and develop analytic expressions for the first few moments from which the skewness
of the size distribution is calculated. It is found that depending on the sign of coupling, interactions
may suppress or enhance the size growth, which in turn leads to the decrease or increase of the
skewness. The amount of change tends to increase with the coupling strength, rather irrespectively
of the details of the model.
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I. INTRODUCTION
Many phenomena exhibit asymmetric skew distribu-
tions of characteristic spectra, having long tails to one
side; among them power-law, log-normal, and Weibull
distributions appear most ubiquitously in a variety of
systems. The power-law distribution, well-known exam-
ples of which include Zipf’s law [1] and Pareto’s law [2],
manifests scale invariance of the system and observed in
various physical, biological, economical, and social sys-
tems [3]. A variety of mechanism such as the Yule pro-
cess [4], Gibrat’s law [5], or preferential attachment [6]
has been proposed to explain the power-law distribution.
Related to the power-law distribution, the log-normal
distribution, often used as an alternative [7], is known to
emerge from multiplication of a large number of indepen-
dent random variables [8]. The Weibull distribution also
arises in a variety of systems [7, 9, 10], and is attributed
to diverse origins, e.g., fractal cracking [9], extreme value
statistics [11] and Fickian diffusion [12].
Lacking theoretical understanding of the skew distri-
butions that emerge in evolving systems, there has been
progress to elucidate the emergence of skew distribu-
tions in a general framework of the master equation
approach [13, 14]. This approach illustrates how log-
normal, power-law, and Weibull distributions arise in a
system of noninteracting elements, depending on the de-
tailed condition such as growth, production, and division
of each element. Further, the entropy of the system has
also been obtained via this approach [16].
In a real system, however, interactions between ele-
ments are present and may affect the evolution of the
size distribution of the system. In this work we con-
sider a growth model for an evolving system of elements
interacting with each other, and study the interaction ef-
fects on the evolution of the size distribution, focusing
especially on the skewness of the distribution. To probe
this issue, we incorporate two types of interaction into
the growth model of Refs. [13, 14]: one proportional to
the size difference between elements and the other pro-
portional to the product of the sizes. It is found that
interactions may enhance or suppress the size growth,
depending on the sign of the coupling. In the latter case
of suppressing the growth, interactions also reduce skew-
ness of the distribution, regardless of the details of the
model.
This paper consists of five sections: In Sec. II, we intro-
duce the growth model system where elements interact
with each other. Specifically, two types of global interac-
tion are considered and the corresponding time evolution
equations are derived. Section III is devoted to analytic
expressions for the first three moments of the size vari-
able if possible, from which the skewness is calculated for
both types of interaction. Also described is how to ob-
tain the distribution function via numerical integration.
Results are presented and discussed in Sec. IV. Finally,
Sec. V gives a brief summary.
II. GROWTH MODEL
We consider a system of N elements, the ith of which
is characterized by its size xi (i = 1, . . . , N). The con-
figuration of the system is specified by the sizes of all
elements, {x1, . . . , xN}. The probability P (x1, . . . , xN ; t)
for the system to be in configuration {x1, . . . , xN} at time
t is governed by the master equation
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dt
P (x1, . . . , xN ; t) =
N∑
i=1
∫
dx′i [ω(x
′
i → xi)P (x1, . . . , x′i, . . . , xN ; t)− ω(xi → x′i)P (x1, . . . , xN ; t)] , (1)
where ω(xi → x′i) is the transition rate for the ith ele-
ment to change its size from xi to x
′
i. We are interested
in the size distribution f(x, t) of the system, related to
the probability P (x1, . . . , xN ; t) via:
f(x, t) =
1
N
∫
dNx
N∑
i=1
δ(xi − x)P (x1, . . . , xN ; t), (2)
where
∫
dNx ≡ ∫∞
0
dx1 · · ·
∫∞
0
dxN . The time evolution
of the distribution f(x, t) can be obtained once the tran-
sition rate is given, which also depends on whether or
not new elements are produced [13, 14]. Here we de-
scribe how the interactions between elements change the
behavior of the distribution.
A. No production
When the total number of elements is fixed, namely, in
the case of no production of new elements, one may adopt
a simple process involving the size change (growth) by an
amount proportional to the current size. Accordingly, the
transition rate takes the form
ω(xi → x′i) = λδ[x′i − (1+b)xi] (3)
with the (mean) growth rate λ and the growth factor b.
From Eq. (1) the evolution equation for the size distri-
bution f(x, t) can be obtained straightforwardly [14]:
∂
∂t
f(x, t) = −λf(x, t) + λ
1 + b
f
(
x
1 + b
, t
)
. (4)
We now incorporate two types of interaction between
elements into this transition rate. The first one to con-
sider is that the interaction between two elements de-
pends on the size difference between the two [15]. This
modifies the transition rate in Eq. (3) and leads to
ω(xi → x′i) = λδ
[
x′i − (1+b)xi −
∑
j
cij(xj−xi)
]
, (5)
where cij measures the (size-difference) coupling strength
between elements i and j. For simplicity, we consider
globally coupled interactions, cij = c/N , to carry out
further analytic treatment. Defining α ≡ 1+b−c and the
mean size 〈x〉 ≡ N−1∑j xj = ∫ dxxf(x, t), we write the
transition rate depending on the mean size of elements:
ω(xi → x′i) = λδ (x′i−αxi−c〈x〉) . (6)
Note that for positive coupling (c > 0) the interaction
tends to reduce the size of an element larger than the
mean size, as manifested by the transition rate. With
Eq. (6), it is straightforward to obtain the evolution equa-
tion for the size distribution f(x, t):
∂
∂t
f(x, t) =− λf(x, t)θ
(
x+
c 〈x〉
α
)
+
λ
α
f
(
x−c 〈x〉
α
, t
)
θ(x−c 〈x〉), (7)
where θ(x) is the Heaviside step function.
The other type of interaction is given by the product
of the sizes of two elements, which leads to the transition
rate in the form
ω(xi → x′i) = λδ
[
x′i − (1+b)xi +
∑
j
κijxixj
]
. (8)
Again, for simplicity, we consider the global coupling and
choose the (size-product) coupling strength κij = κ/N ,
which reduces Eq. (8) to
ω(xi → x′i) = λδ[x′i−(1+b−κ 〈x〉)xi]. (9)
For positive coupling (κ > 0), the size growth is sup-
pressed by the interaction as before. In this case, the
time evolution of the distribution is described by the fol-
lowing equation:
∂
∂t
f(x, t) =
[
−λf(x, t) + λ
1+b−κ 〈x〉f
(
x
1+b−κ 〈x〉 , t
)]
× θ(1+b−κ 〈x〉). (10)
B. Uniform size production
When the total number of elements varies with time,
i.e., N = N(t), the time evolution equation needs to
be modified. If each element tends to produce a new
one with rate r (and the total number of elements thus
increases in proportion to the current number: N˙ = rN),
the time evolution equation for the size distribution takes
the following form [14]
∂f(x, t)
∂t
= −(r+λ)f(x, t)+ λ
1 + b
f
(
x
1 + b
, t
)
+rg(x, t),
(11)
where g(x, t) is the size distribution function of newly
produced elements at time t. In this work we consider
the case that new elements are produced in uniform size
x0, i.e., g(x, t) = δ(x−1) after setting x0 ≡ 1.
In the presence of the interaction between elements, we
may still follow the procedure similar to that in Ref. [14]
3and derive the time evolution of the distribution function.
In case that the transition rate is given by Eq. (6), the
time evolution equation obtains the form
∂
∂t
f(x, t) =−
[
r+λθ
(
x+
c 〈x〉
α
)]
f(x, t)
+
λ
α
f
(
x−c 〈x〉
α
, t
)
θ(x−c 〈x〉) + rδ(x−1).
(12)
In the case of the transition rate given by Eq. (9), the
evolution of the distribution function is governed by
∂
∂t
f(x, t) =
[
−λf(x, t) + λ
1+b−κ 〈x〉f
(
x
1+b−κ 〈x〉 , t
)]
× θ(1+b−κ 〈x〉)− rf(x, t) + rδ(x−1). (13)
III. CALCULATION OF SKEWNESS
To understand how the interaction affects the skew dis-
tribution emerging in the growth model, we examine the
skewness of the size distribution. The skewness γ1 of a
distribution f(x, t) is defined to be
γ1 ≡ 〈x
3〉 − 3〈x〉σ2x − 〈x〉3
σ3x
, (14)
where 〈X〉 ≡ ∫ dxXf(x, t) is the mean (expectation)
value of variable X and σx ≡
√〈x2〉 − 〈x〉2 is the stan-
dard deviation. In this work we compute γ1, depend-
ing on 〈x〉, 〈x2〉, and 〈x3〉, in two ways: One is di-
rect numerical integration of the evolution equation given
by Eqs. (7), (10), (12), and (13), from which we ob-
tain the distribution function f(x, t) and subsequently
γ1. In numerical integration, we use the second-order
Runge-Kutta method for time integration with a time
step δt = 0.01, while dividing the positive x space into
segments of equal length: δx = 1/101. The results ob-
tained via numerical integration are compared with those
obtained from analytic expressions of 〈xn〉 (n=1, 2, 3) de-
scribed below. In this work we report mainly the analytic
results unless specified otherwise, since the two methods
yield essentially the same results.
A. Size-difference interaction
We first consider the interaction depending on the dif-
ference between sizes, which gives the transition rate in
Eq. (6), and examine the evolution of the system in the
presence of uniform production as well as in the absence
of production. To compute the skewness γ1, we construct
the time evolution equation for 〈xn〉 (n = 1, 2, 3). Taking
the time derivative
d〈x〉
dt
=
∫
dxx
∂
∂t
f(x, t) (15)
and making use of Eq. (12), we obtain
d 〈x〉
dt
= u 〈x〉+ r (16)
with u ≡ λb− r. Note that the coupling strength c is not
involved in determining 〈x〉. With the initial value 〈x〉0,
the solution is found to be
〈x〉 = Aueut +Ac , (17)
where Au ≡ 〈x〉0 − Ac and Ac ≡ −r/u. Similarly, we
obtain the differential equation for 〈x2〉:
d〈x2〉
dt
= v〈x2〉+ J 〈x〉2 + r , (18)
where v ≡ λ(α2 − 1) − r and J ≡ λc(2α + c). Putting
Eq. (17) into Eq. (18) leads to the solution
〈x2〉 = Bvevt +B1eut +B2e2ut +Bc , (19)
where Bv ≡ 〈x2〉0 −B1 −B2 −Bc with
B1 ≡ 2JAcAu
u− v , B2 ≡
JA2u
2u− v , and Bc ≡
JA2c + r
−v .
Again in a similar manner, we obtain the expression
for d〈x3〉/dt. Denoting w ≡ λ(α3 − 1) − r, z ≡ u + v,
K ≡ 3λcα2, and M ≡ λc2(3α+ c), we have
d
dt
〈x3〉 = w〈x3〉+K〈x2〉 〈x〉+M 〈x〉3 + r , (20)
the solution of which reads〈
x3
〉
= Cwe
wt + Cze
zt + Cve
vt
+ C1e
ut + C2e
2ut + C3e
3ut + Cc (21)
with
C1 ≡ K(AcB1 +AuBc) + 3MA
2
cAu
u− w ,
C2 ≡ K(AcB2 +AuB1) + 3MAcA
2
u
2u− w ,
C3 ≡ KAuB2 +MA
3
u
3u− w ,Cc =
KAcBc +MA
3
c + r
−w
Cz ≡ KAuBv
z − w , Cv =
KAcBv
v − w ,
and Cw ≡ 〈x3〉0 − Cz − Cv − C1 − C2 − C3 − Cc.
In the absence of production, we have r = Ac = 0,
which in turn lead to B1 = Bc = Cv = C2 = Cc = 0 in
the expressions of 〈x2〉 and 〈x3〉. Especially, when there
is no interaction or c = 0, setting 〈x〉0 = 1, Eqs. (17),
(19), and (21) are further simplified as
〈x〉 = eλbt,〈
x2
〉
=
〈
x2
〉
0
eλb(b+2)t, (22)〈
x3
〉
=
〈
x3
〉
0
eλb(b
2+3b+3)t.
4Now using Eq. (14) with the above expressions for
〈x〉, 〈x2〉 and 〈x3〉, one can calculate skewness of the size
distribution without any adjustable parameters. When
we compare the results of the analytic expressions with
those obtained via numerical integration, we use the same
initial values 〈x2〉0 and 〈x3〉0.
B. Size-product interaction
We next consider the interaction depending on the
product of sizes, which corresponds to the transition rate
given by Eq. (9), and compute the skewness of the size
distribution in a similar way. In case that no elements
are produced newly, the evolution equations for 〈xn〉 read
(n = 1, 2, 3):
d
dt
〈xn〉 = λ[(1 + b− κ 〈x〉)n − 1]〈xn〉. (23)
For n = 1, Eq. (23) bears the solution
〈x〉 = be
λbt
ψ
, (24)
where ψ ≡ b + κ(eλbt − 1) depends on t. Inserting this
into Eq. (23) for n = 2 and 3, we obtain
〈x2〉 =〈x2〉0e(b+2) log b+κ−b
× exp
[
b(b− κ)
ψ
+ λb(b+ 2)t− (b+ 2) logψ
]
(25)
〈x3〉 =〈x3〉0e(b2+3b+3) log b−(3b2/2)−3b+2bκ+3κ−(κ2/2)
× exp
[b(b2 + b(3− κ)− 3κ)
ψ
+
b2(b− κ)2
2ψ2
+ (b2 + 3b+ 3)(λbt− logψ)
]
. (26)
When new elements of uniform size are produced, the
evolution equation for 〈xn〉 takes the form (n = 1, 2, 3)
d
dt
〈xn〉 = −(r+λ)〈xn〉+λ(1 + b−κ 〈x〉)n〈xn〉+ r, (27)
which is solvable for n = 1 to give the analytic solution
for 〈x〉. When κ > 0, it is given by
〈x〉 = u
2χ
+
S
2χ
tanh
[
S
2
t− tanh−1 2χ− u
S
]
(28)
with u ≡ λb − r, χ ≡ κλ, and S ≡
√
u2 + 4χr. When
κ < 0, the solution reads
〈x〉 = S − u+ (S + u)Ce
St
2χ(CeSt − 1) (29)
with C ≡ (u − 2χ − S)/(u − 2χ + S). To find higher
moments 〈xn〉 for n = 2 and 3, one should resort to
numerical methods. We thus put Eq. (28) or (29) into
Eq. (27) and perform numerical integration.
FIG. 1: (Color online) Evolution of the size distribution f(x)
in the case of no production (r = 0) for λ = 0.2 and b = 0.025.
Data have been obtained via numerical integration of Eq. (7)
for three values of the size-difference coupling c, as shown in
the legend. Three successive distributions are shown at time
t = 400, 500, and 600 for each value of c.
IV. RESULTS AND DISCUSSIONS
A. No production
When no new elements are produced (r = 0), the
size distribution f(x), obtained via numerical integra-
tion of Eq. (7) for λ = 0.2 and b = 0.025, is shown
in Fig. 1 for three values of the coupling: c = 0.02, 0,
and −0.009. Three successive distributions are plotted at
time t = 400, 500, and 600 for each value of c, illustrat-
ing the time evolution. It is observed that at given time,
as the interaction of positive/negative coupling is turned
on, the peak heights and positions increase/decrease and
move towards larger/smaller sizes, respectively, with the
skewness becoming smaller/larger. As time goes on, the
peak height and position become eventually decreasing
and moving towards larger size, regardless of the interac-
tion. On the other hand, the skewness tends to increase
for negative coupling while it appears to change little for
positive coupling during the time shown in the figure.
This is elucidated more in Fig. 2, which displays the
mean size, standard deviation, and skewness of the distri-
bution. In Fig. 2(a), we show the evolution of the skew-
ness γ1 for four different values of coupling c shown in
the legend. Symbols designate data points obtained via
numerical integration for the same system as in Fig. 1;
lines and white lines passing through symbols in (a) de-
note the analytical results from the analytic expressions
derived in the previous section. Plotted in Fig. 2(b) is
the standard deviation σx versus time t as well as 〈x〉
(dotted line), which is independent of c. In general the
skewness increases with time but the increase is slower
for larger values of c. At the largest value c = 0.02,
in particular, the skewness appears to saturate after the
5FIG. 2: (Color online) (a) Skewness γ1 and (b) standard devi-
ation σx of the size distribution versus time t for four values of
coupling c shown in the legend. Symbols represent data points
obtained via numerical integration for the same system as in
Fig. 1. Lines and white lines passing through symbols in (a)
depict the analytical results from Eqs. (14) and (22). Also
plotted in (b) is the mean size 〈x〉 as a dotted line.
FIG. 3: (Color online) Skewness γ1, mean size 〈x〉, and stan-
dard deviation σx versus coupling c at time t = 500, ob-
tained from the analytical expressions for the same system as
in Fig. 1.
initial increase.
Figure 3 exhibits the skewness γ1, mean size 〈x〉, and
standard deviation σx versus coupling strength c at time
t = 500, obtained from analytic expressions. It is ob-
served that the skewness tends to decrease as the cou-
pling strength is increased. This behavior is understood
if we examine the transition rate in Eq. (6): In a nonin-
FIG. 4: (Color online) Evolution of the size distribution f(x)
in the case of no production (r = 0) for λ = 0.2 and b = 0.025.
Data have been obtained via numerical integration of Eq. (10)
for three values of the size-product coupling κ, as shown in
the legend. Three successive distributions are shown at time
t = 400, 500, and 600 for each value of κ.
teracting system, the skewness as well as the mean size
increases with time, as manifested in Fig. 1. The inter-
action of positive coupling (c > 0) suppresses the size
growth, resulting in the decrease of skewness. This may
be inferred from the transition rate in Eq. (5), where the
mean value of the total interaction
∑
j cij(xj − xi) van-
ishes for constant coupling cij = c/N , thus establishing
the independence of 〈x〉 on c.
In the case of the transition rate given by Eq. (9),
the interaction effects are similar to what have been de-
scribed above. Figure 4 displays the size distribution
f(x) for λ = 0.2 and b = 0.025, obtained via numerical in-
tegration of Eq. (10) for three values of coupling κ shown
in the legend. Again three successive distributions are
shown at time t = 400, 500, and 600 for each value of κ.
It is observed that, as κ is increased/decreased from zero,
the peak height in general increases/decreases with the
skewness being decreased/increased at each given time.
However, the peak position moves toward smaller/larger
values of x, in contrast to the case of Eq. (9). Is is also ob-
served that, as time proceeds, the peak height decreases
and the peak position moves towards larger sizes, regard-
less of the interaction. The skewness appears to increase
monotonically for all values of coupling κ, but the rate of
increase becomes, for positive κ, smaller at large times.
We look more closely at this behavior in Fig. 5, which
displays (a) skewness, (b) standard deviation, and (c)
mean of the distribution versus time t for four values of
coupling κ, obtained from Eqs. (24)-(26). These quan-
tities grow with time for all values of κ except for the
apparent saturation for κ > 0 at large time. This is to
be contrasted with the case of the size-difference interac-
tion, in which only the skewness γ1 tends to saturate for
positive coupling (c > 0) (see Fig. 2). Further at given
time, the mean size does depend on κ and becomes satu-
6FIG. 5: (Color online) Analytical results of (a) skewness γ1,
(b) standard deviation σx, and (c) mean 〈x〉 versus time t
for four values of coupling κ shown in the legend. Other
parameters are the same as those in Fig. 4.
rated for positive values while it does not depend on the
value of c (not shown).
B. Uniform size production
In this subsection, we discuss the effects of interaction
between elements in case that new elements of uniform
size x0 (≡ 1) are produced, i.e., g(x, t) = δ(x−1). In
the absence of interaction, the size distribution obeys the
power law in the long-time limit [14]:
f(x) ∼ x−η (30)
with the exponent
η = 1 +
ln (1 + r/λ)
ln (1 + b)
.
To probe how interactions alter such power-law behav-
ior, we carry out numerical integration of Eq. (12) with
λ = 0.4, b = 0.025, and r = 0.02, and display in Fig. 6
the resulting size distribution f(x) at time t = 700 for
four values of size-difference coupling c, as shown in the
legend. As revealed in Fig. 6, the presence of interaction
induces the distribution f(x) to deviate from the power
FIG. 6: (Color online) Size distribution f(x) in the case of
uniform production for λ = 0.4, b = 0.025 and r = 0.02 at
time t = 700. Data have been obtained via numerical inte-
gration of Eq. (12) for four values of size-difference coupling
c, as shown in the legend.
FIG. 7: (Color online) Analytical results for the same system
as in Fig. 6: (a) skewness γ1 and (b) standard deviation σx
versus time t for four values of coupling c shown in the legend.
Also plotted in (b) is the mean size 〈x〉 as a dotted line.
law; the way how it deviates depends on the sign of c.
Note that the power-law distribution in Eq. (30) with
the exponent η ≤ 3 possesses diverging skewness. With
this in mind, we investigate the interaction effects on the
skewness of the distribution.
Figure 7 shows the time evolution of (a) skewness γ1
and (b) standard deviation σx for four values of coupling
c as shown in the legend, which have been obtained from
analytic expressions for the same system as in Fig. 6.
7FIG. 8: (Color online) Skewness γ1, mean size 〈x〉, and stan-
dard deviation σx versus coupling c at time t = 700, obtained
from analytic expressions for the same system as in Fig. 6.
While the skewness γ1 diverges for c ≤ 0, it increases
slowly and appears to approach a finite value for c > 0.
This behavior of skewness changing with c is consistent
with the gradients of the distribution curves in Fig. 6. In
this system, the mean size 〈x〉, plotted with a dotted line
in Fig. 7(b), approaches a steady-state value, indepen-
dently of the coupling c. These features are illustrated
in Fig. 8, which presents analytical results of skewness
γ1, mean size 〈x〉, and standard deviation σx versus c at
time t = 700.
Finally, we briefly describe the effects of the other type
of interaction depending on the size product, which corre-
sponds to Eq. (9). Figure 9 exhibits the time evolution of
(a) skewness γ1, (b) standard deviation σx, and (c) mean
size 〈x〉 of the distribution in the presence of uniform size
production, for λ = 0.4, b = 0.025, r = 0.02, and four val-
ues of size-product coupling κ shown in the legend. These
have been calculated semi-analytically through the use of
Eqs. (27), (28), and (29). The overall features are more
or less the same: Skewness γ1 decreases as coupling κ is
increased. The standard deviation as well as the skewness
grows with time and becomes saturated at large time for
κ > 0. The mean size also grows with time and becomes
saturated even for negative values of κ considered here.
The mean size saturated at given time tends to decrease
as κ is increased.
V. SUMMARY
We have studied the effects of interaction between ele-
ments in a growth model, governed by the master equa-
tion. Specifically, we have incorporated two types of in-
teraction into the transition rate: one type depending on
the difference between element sizes and the other de-
pending on the product of sizes. In the global-coupling
limit, we have developed the evolution equation for the
size distribution function in terms of the growth rate,
FIG. 9: (Color online) (a) Skewness γ1, (b) standard deviation
σx and (c) mean size 〈x〉 of the distribution versus time t in
a system with uniform size production for λ = 0.4, b = 0.025,
r = 0.02, and four values of size-product coupling κ as shown
in the legend. These have been calculated by means of a
semi-analytic method, described in the text.
growth factor, coupling constant between elements, and
the production rate of new elements. From the evolution
equations for the size we have derived analytic expres-
sions for the first three moments of size variables, 〈x〉,
〈x2〉, and 〈x3〉, from which the standard deviation and
the skewness have been computed. In the case of no
production, for which the asymptotic distribution is the
log-normal distribution, it has been found that the mean
size, standard deviation, and skewness decrease as the
coupling constant c or κ is varied from negative to posi-
tive values, with apparent saturation of the mean size at
large time. In the case of production of new elements,
for which the asymptotic distribution is the power-law
distribution, deviations from the power law with the de-
crease of the mean size, standard deviation, and skewness
have been observed as the coupling c or κ is varied from
negative to positive values. Notably the mean size of the
distribution saturates at large time for all vales of c and
κ considered.
8ACKNOWLEDGMENT
This work was supported in part by the 2016 Research
Fund of the University of Ulsan.
[1] G.K. Zipf, Human Behavior and the Principle of Least
Effort (Addison-Wesley, Cambridge, 1949).
[2] V. Pareto, Cours d’E´conomie Politique (Droz, Geneva,
1896).
[3] See, e.g., M.E.J. Newman, Contemp. Phys., 46, 323
(2005) and references therein.
[4] G.U. Yule, Philos. Trans. R. Soc. London, Ser. B, 213 21
(1925).
[5] R. Gibrat, Les Ine´galite´s Economiques (Sirey, Paris,
1931)
[6] A.-L. Barabasi and R., Albert, Science 286, 509 (1999).
[7] See e.g., J. Jo, M.Y. Choi, and D.-S. Koh, Biophys. J 93,
2655 (2007).
[8] E. Limpert, W.A. Stahel, and M. Abbt, BioScience, 51,
341 (2001).
[9] T.W. Peterson and M.V. Scotto, Powder Techno. 45, 87
(1985).
[10] G.R. McDowell, M.D. Bolton, and D. Robertson, J.
Mech. Phys. Solids 44, 2079 (1996).
[11] J. Beirlant, Y. Goegebeur, J. Segers, and J. Teugels,
Statistics of Extremes: Theory and Apllications (Wiley,
Chichester, 2004)
[12] K. Kosmidis, P. Argyrakis, and P. Machera, J. Chem.
Phys. 119, 6373 (2003).
[13] M.Y. Choi, H. Choi, J.-Y. Fortin, and J. Choi, Europhys.
Lett. 85, 30006 (2009).
[14] S. Goh, H. W. Kwon, M.Y. Choi, and J.-Y. Fortin, Phys.
Rev. E 82, 061115 (2010).
[15] C. Kim, D.S. Kim, Y. Lin, K. Ahn, and M.Y. Choi, PLoS
ONE 12, e0177071 (2017).
[16] S. Goh, J. Choi, M.Y. Choi, and B.-G. Yoon, J. Korean
Phys. Soc. 70, 12 (2017).
